
Arithmetic Sequences
A sequence whose consecutive terms have a common difference is called an arithmetic
sequence.

Examples of Arithmetic Sequences

a. The sequence whose th term is is arithmetic. For this sequence, the common
difference between consecutive terms is 4.

Begin with 

b. The sequence whose th term is is arithmetic. For this sequence, the common
difference between consecutive terms is 

Begin with 

c. The sequence whose th term is is arithmetic. For this sequence, the common
difference between consecutive terms is 

Begin with 

Now try Exercise 5.

The sequence 1, 4, 9, 16, whose th term is is not arithmetic. The difference
between the first two terms is

but the difference between the second and third terms is

a3 ! a2 " 9 ! 4 " 5.

a2 ! a1 " 4 ! 1 " 3

n2,n. . . ,

5
4 ! 1 " 1

4

n " 1.1,
5
4

,
3
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,
7
4

, .  .  . , 
n # 3

4
, .  .  .

1
4.

1
4!n # 3"n

!3 ! 2 " !5

n " 1.2, !3, !8, !13, .  .  . , 7 ! 5n, .  .  .

!5.
7 ! 5nn

11 ! 7 " 4

n " 1.7, 11, 15, 19, .  .  . , 4n # 3, .  .  .

4n # 3n

Example 1
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9.2 ARITHMETIC SEQUENCES AND PARTIAL SUMS

What you should learn
• Recognize, write, and find the nth

terms of arithmetic sequences.
• Find nth partial sums of arithmetic

sequences.
• Use arithmetic sequences to model

and solve real-life problems.

Why you should learn it
Arithmetic sequences have practical
real-life applications. For instance, in
Exercise 91 on page 658, an arithmetic
sequence is used to model the seating
capacity of an auditorium.
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Definition of Arithmetic Sequence
A sequence is arithmetic if the differences between consecutive terms are the
same. So, the sequence

is arithmetic if there is a number such that

The number is the common difference of the arithmetic sequence.d

a2 ! a1 " a3 ! a2 " a4 ! a3 " . . . " d.

d

a1, a2, a3, a4, .  .  . , an, .  .  .
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The nth Term of an Arithmetic Sequence
The th term of an arithmetic sequence has the form

where is the common difference between consecutive terms of the sequence
and is the first term.a1

d

an " a1 # !n ! 1"d

n

Finding the nth Term of an Arithmetic Sequence

Find a formula for the th term of the arithmetic sequence whose common difference
is 3 and whose first term is 2.

Solution
You know that the formula for the th term is of the form 
Moreover, because the common difference is and the first term is the 
formula must have the form

Substitute 2 for and 3 for 

So, the formula for the th term is

The sequence therefore has the following form.

Now try Exercise 25.

2, 5, 8, 11, 14, .  .  . , 3n ! 1, .  .  . 

an " 3n ! 1.

n

d.a1an " 2 # 3!n ! 1".

a1 " 2,d " 3
an " a1 # !n ! 1"d.n

n

Example 2

The th term of an arithmetic sequence can be derived from the pattern below.

1st term

2nd term

3rd term

4th term

5th term

1 less

nth term

1 less

an " a1 # !n ! 1"d
!

a5 " a1 # 4d

a4 " a1 # 3d

a3 " a1 # 2d

a2 " a1 # d

a1 " a1

n
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Writing the Terms of an Arithmetic Sequence

The fourth term of an arithmetic sequence is 20, and the 13th term is 65. Write the first
11 terms of this sequence.

Solution
You know that and So, you must add the common difference nine
times to the fourth term to obtain the 13th term. Therefore, the fourth and 13th terms of
the sequence are related by

and are nine terms apart.

Using and you can conclude that which implies that the
sequence is as follows.

Now try Exercise 39.

If you know the th term of an arithmetic sequence and you know the common 
difference of the sequence, you can find the th term by using the recursion 
formula

Recursion formula

With this formula, you can find any term of an arithmetic sequence, provided that you
know the preceding term. For instance, if you know the first term, you can find the 
second term. Then, knowing the second term, you can find the third term, and so on.

Using a Recursion Formula

Find the ninth term of the arithmetic sequence that begins with 2 and 9.

Solution
For this sequence, the common difference is 

There are two ways to find the ninth term. One way is simply to write out the first nine
terms (by repeatedly adding 7).

Another way to find the ninth term is to first find a formula for the th term. Because
the common difference is and the first term is the formula must have the
form

Substitute 2 for and 7 for 

Therefore, a formula for the th term is

which implies that the ninth term is

Now try Exercise 47.

a9 " 7!9" ! 5 " 58.

an " 7n ! 5

n

d.a1an " 2 # 7!n ! 1".

a1 " 2,d " 7
n

2, 9, 16, 23, 30, 37, 44, 51, 58

d " 9 ! 2 " 7.

Example 4

an#1 " an # d.

!n # 1"
n

a1

5

a2

10

a3

15

a4

20

a5

25

a6

30

a7

35

a8

40

a9

45

a10

50

a11

55

.  .  .

.  .  .

d " 5,a13 " 65,a4 " 20

a13a4a13 " a4 # 9d.

da13 " 65.a4 " 20

Example 3

You can find in Example 3 
by using the th term of an 
arithmetic sequence, as follows.

 5 " a1

 20 " a1 # 15

 20 " a1 # !4 ! 1"5

a4 " a1 # !4 ! 1"d

an " a1 # !n ! 1"d

n
a1
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The Sum of a Finite Arithmetic Sequence
The sum of a finite arithmetic sequence with terms is

Sn "
n
2

!a1 # an ".

n

The Sum of a Finite Arithmetic Sequence
There is a simple formula for the sum of a finite arithmetic sequence.

For a proof of this formula for the sum of a finite arithmetic sequence, see Proofs in
Mathematics on page 721.

Finding the Sum of a Finite Arithmetic Sequence

Find the sum:

Solution
To begin, notice that the sequence is arithmetic (with a common difference of 2).
Moreover, the sequence has 10 terms. So, the sum of the sequence is

Formula for the sum of an arithmetic sequence

Substitute 10 for 1 for and 19 for 

Simplify.

Now try Exercise 51.

Finding the Sum of a Finite Arithmetic Sequence

Find the sum of the integers (a) from 1 to 100 and (b) from 1 to 

Solution

a. The integers from 1 to 100 form an arithmetic sequence that has 100 terms. So, you
can use the formula for the sum of an arithmetic sequence, as follows.

Formula for sum of an arithmetic sequence

Substitute 100 for 1 for 100 for 

Simplify.

b.

Formula for sum of an arithmetic sequence

Substitute N for 1 for and N for

Now try Exercise 55.

an.a1,n,"
N
2

!1 # N"

"
n
2

!a1 # an"

Sn " 1 # 2 # 3 # 4 # . . . # N

" 5050" 50!101"

an.a1,n,"
100
2

!1 # 100"

"
n
2

!a1 # an"

Sn " 1 # 2 # 3 # 4 # 5 # 6 # .  .  . # 99 # 100

N.

Example 6

" 5!20" " 100.

an.a1,n,"
10
2

!1 # 19"

Sn "
n
2

!a1 # an"

1 # 3 # 5 # 7 # 9 # 11 # 13 # 15 # 17 # 19.

Example 5

HISTORICAL NOTE

A teacher of Carl Friedrich Gauss
(1777–1855) asked him to add
all the integers from 1 to 100.
When Gauss returned with the
correct answer after only a few

moments, the teacher could only
look at him in astounded silence.

This is what Gauss did:

Sn !
100 " 101

2
! 5050
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2Sn
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WARNING / CAUTION
Note that this formula works
only for arithmetic sequences.
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The sum of the first terms of an infinite sequence is the th partial sum. The th
partial sum can be found by using the formula for the sum of a finite arithmetic
sequence.

Finding a Partial Sum of an Arithmetic Sequence

Find the 150th partial sum of the arithmetic sequence

Solution
For this arithmetic sequence, and So,

and the th term is Therefore, and the
sum of the first 150 terms is

nth partial sum formula

Substitute 150 for 5 for and 1644 for 

Simplify.

nth partial sum

Now try Exercise 69.

Applications

Prize Money

In a golf tournament, the 16 golfers with the lowest scores win cash prizes. First place
receives a cash prize of $1000, second place receives $950, third place receives $900,
and so on. What is the total amount of prize money?

Solution
The cash prizes awarded form an arithmetic sequence in which the first term is

and the common difference is Because

you can determine that the formula for the th term of the sequence is 
So, the 16th term of the sequence is and the total amount
of prize money is

nth partial sum formula

Substitute 16 for 1000 for and 250 for 

Simplify.

Now try Exercise 97.

" 8!1250" " $10,000.

a16.a1,n,"
16
2

!1000 # 250"

S16 "
n
2

!a1 # a16"

S16 " 1000 # 950 # 900 # .  .  . # 250

a16 " !50!16" # 1050 " 250,
an " !50n # 1050.n

an " 1000 # !!50"!n ! 1"

d " !50.a1 " 1000

Example 8

" 123,675.

" 75!1649"

a150.a1,n,"
150
2

!5 # 1644"

S150 "
n
2

!a1 # a150 "

a150 " 11!150" ! 6 " 1644,an " 11n ! 6.n

an " 5 # 11!n ! 1"

d " 16 ! 5 " 11.a1 " 5

5, 16, 27, 38, 49, .  .  . .

Example 7

nnn



656 Chapter 9 Sequences, Series, and Probability

Total Sales

A small business sells $10,000 worth of skin care products during its first year. The
owner of the business has set a goal of increasing annual sales by $7500 each year for
9 years. Assuming that this goal is met, find the total sales during the first 10 years this
business is in operation.

Solution
The annual sales form an arithmetic sequence in which and So,

and the th term of the sequence is

This implies that the 10th term of the sequence is 

See Figure 9.3.

The sum of the first 10 terms of the sequence is

nth partial sum formula

Substitute 10 for 10,000 for and 77,500 for 

Simplify.

Simplify.

So, the total sales for the first 10 years will be $437,500.

Now try Exercise 99.

" 437,500.

" 5!87,500"

a10.a1,n,"
10
2

!10,000 # 77,500"

S10 "
n
2

!a1 # a10"

" 77,500.

a10 " 7500!10" # 2500

an " 7500n # 2500.

n

an " 10,000 # 7500!n ! 1"

d " 7500.a1 " 10,000

Example 9

Numerical Relationships Decide whether it is possible to fill in the blanks in 
each of the sequences such that the resulting sequence is arithmetic. If so, find 
a recursion formula for the sequence.

a. , , , , , 11
b. 17, , , , , , , , , 71
c. 2, 6, , , 162
d. 4, 7.5, , , , , , , , , 39
e. 8, 12, , , , 60.75

$7,

CLASSROOM DISCUSSION

Year
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FIGURE 9.3


