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. 9.%; SEQUENCES AND SERIES

What you should learn
Use sequence notation to write
the terms of sequences. In mathematics, the word sequence is used in much the same way as in ordinary
English. Saying that a collection is listed in sequence means that it is ordered so that it
has a first member, a second member, a third member, and so on. Two examples are
1,2,3,4,. . .and 1,3,5,7,. . ..

Mathematically, you can think of a sequence as a function whose domain is the set
of positive integers.

Sequences

Use factorial notation.

Use summation notation to
write sums.

Find the sums of series.
Use sequences and series to model
and solve real-life problems. f) =ay, f2) =ay fB) =ay, f&) =ay, ..., fn)=a,...

Why you should learn it Rather than using function notation, however, sequences are usually written using

Sequences and series can be used to subscript notation, as indicated in the following definition.

model real-life problems. For instance,

in Exercise 123 on page 649, sequences . el.
are used to model the numbers of Best Definition of Sequence

Buy stores from 2002 through 2007. An infinite sequence is a function whose domain is the set of positive integers.
The function values

ay, Ay, Ay, Qg o o 3 Gy e o

are the terms of the sequence. If the domain of the function consists of the first n
positive integers only, the sequence is a finite sequence.

On occasion it is convenient to begin subscripting a sequence with O instead
of 1 so that the terms of the sequence become ay,, a,, a,, as, . . .. When this is the case,
the domain includes 0.
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I Example 1  Writing the Terms of a Sequence
Write the first four terms of the sequences given by
a.a,=3n—2 b.a, =3+ (-1

Solution

a. The first four terms of the sequence given by a, = 3n — 2 are

Study lip ‘ a,=3()-2=1 st term

The subscripts of a sequence a,=3(2) —2=4 2nd term
make up the domain of the . a;=33)-2=17 3rd term
sequence and serve to identify

the locations of terms within the a, =3(4) =2 = 10. 4th term
sequence. For example, a, is the b. The first four terms of the sequence given by a,, = 3 + (—1)" are
fourth term of the sequence, and ]

a,, is the nth term of the a=3+(=1)'=3-1=2 1st term
sequence. Any v'ariable can be a,=3+(-12=3+1=4 2nd term
used as a subscript. The most s

commonly used variable a=3+(-1=3-1=2 3rd term
subscripts in sequence and a, =3+ (-1)F=3+1=4 4th term

series notation are i, j, k, and n. )
[EflEe8Point - Now try Exercise 9. 1
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I Example 2 A Sequence Whose Terms Alternate in Sign

. . —1)
Write the first five terms of the sequence given by a, = 2(n +) T
Solution
The first five terms of the sequence are as follows.

G I B 1
“TOD+1 2+1 3 e
G A B -
a, 2(2) 1 4+ 1 5 nd term
I
BT+ 6+1 7 e
(=1)* 1 1
ay =7~ = = - 4th term
24)+1 841 9
(=1 -1 1
as = = = —— Sth term
25)+1 10+ 1 11
[@E@®Psint - Now try Exercise 25. 1

Simply listing the first few terms is not sufficient to define a unique sequence—the
nth term must be given. To see this, consider the following sequences, both of which
have the same first three terms.

rirr i 1
274’8167 7 T2 T
rirr i 6
2’4815 T+ D)2 —n+6)"
TECHNOLOGY: I Example 3  Finding the nth Term of a Sequence
To graph a sequence using a Write an expression for the apparent nth term (a,) of each sequence.
graphing utility, set the mode _ _
to sequence and dot and enter a 1,3,57. .. b. 2,=5,10, =17, ..
the sequence. The graph of the Solution
sequence in Example 3(a) is
shown below. You can use the a. n:1234...n
trace feature or value feature Terms: 1357 ... a
to identify the terms. Apparent pattern: Each term is 1 less than twice n, which implies that

1

a, =2n— 1.

b. n:1 2 3 4 ...n
Terms: 2 —5 10 —17 . . . a,
Apparent pattern: The terms have alternating signs with those in the even positions

being negative. Each term is 1 more than the square of n, which implies that

0 g a, = (7])n+l(n2 + 1)

[€i[ZdPoint - Now try Exercise 47. 1
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Some sequences are defined recursively. To define a sequence recursively, you
need to be given one or more of the first few terms. All other terms of the sequence are
then defined using previous terms. A well-known recursive sequence is the Fibonacci
sequence shown in Example 4.

I Example 4  The Fibonacci Sequence: A Recursive Sequence
The Fibonacci sequence is defined recursively, as follows.
a=1a =1 a,=a,_,+ a,_,, wherek =2

Write the first six terms of this sequence.

Solution
a, = 1 Oth term is given.
a, = 1 Ist term is given.
a,=a, ,ta,_=a,+ta =1+1=2 Use recursion formula.
ay=a; ,tay,_=a +ta,=1+2=3 Use recursion formula.
a,=a, ,ta,_ =a,+ta;,=2+3=5 Use recursion formula.
as=as ,tas_ =ay;+a,=3+5=38 Use recursion formula.
[EiEdPoint -+ Now try Exercise 65. 1

Factorial Notation

Some very important sequences in mathematics involve terms that are defined with
special types of products called factorials.

Definition of Factorial

If n is a positive integer, n factorial is defined as
n=1+2+3+4-. '(n—l)'n.

As a special case, zero factorial is defined as 0! = 1.

Here are some values of n! for the first several nonnegative integers. Notice that 0!
is 1 by definition.

ol=1
I'=1
21=1-2=2

31=1-2-3=6
41=1-2-3-4=24
S51=1-2-3-4-5=120

The value of n does not have to be very large before the value of n! becomes extremely
large. For instance, 10! = 3,628,800.
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Factorials follow the same conventions for order of operations as do exponents.
For instance,

2l =2(n!) =2(1-2-3-4---np)
whereas 2n)! =1-2+3 -4 - - - 2n.

I Example 5  Writing the Terms of a Sequence Involving Factorials

Write the first five terms of the sequence given by
27!

a .
n!

n

Begin with n = 0.

Algebraic Solution Numerical Solution
20 Set your graphing utility to sequence mode. Enter the sequence into your graphing
=TT 1 Oth term | utility, as shown in Figure 9.1. Use the table feature (in ask mode) to create a table
’ showing the terms of the sequence u, forn = 0, 1, 2, 3, and 4.
2t 2
a, =—=-=2 Ist term
11 Flotz F1otx
nMin=8
2 4 qunﬁEE;EKn !
a, 25252 2 2nd term \ﬂﬁg:';n
: UE:‘?T;llh)=
=
2 8 4 i wiaMing= n=H
ay = T =—- == 3rd term
36 3 FIGURE 9.1 FIGURE 9.2
20 162

-z 4th term | From Figure 9.2, you can estimate the first five terms of the sequence as follows.

U T w3 , R
Uy =1, uy =2, 1y = 2, uy ~ 1.3333 =~ %, u, ~ 0.66667 ~ 2

[@:EdPoint »+ Now try Exercise 71. 1

When working with fractions involving factorials, you will often find that the fractions
can be reduced to simplify the computations.

I Example 6  Evaluating Factorial Expressions

Evaluate each factorial expression.

8! b, 2! - 6! n!

D YIS 31 51 “ -

Solution

Afgeb/ta?/e/p \ 8  1:2:3-4+56-7-8 7-8

a. = = =28
Note in Example 6(a) that you 2r-6h 12 2
can simplify the computation as b 2! - 6! _ 1-2-1-2-3-475-6 _ 6 —9
follows. “31-50 1-2-3:1-2+34-5 3
5 ! 1:2-3——m—1) -
8! _8-7-61 e 1 - L
20-6! 2161 (=Dt 1:223——(=1)
_8-7_ 28 [@E@®Point - Now try Exercise 81. 1

8}
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Summation Notation

There is a convenient notation for the sum of the terms of a finite sequence. It is called
summation notation or sigma notation because it involves the use of the uppercase
Greek letter sigma, written as .

N
s

TECHNOLOGY.

Most graphihg“utlllties are able
to sum the first n terms of a
sequence. Check your user’s

guide for a sum sequence feature Definition of Summation Notation
or a series feature.

The sum of the first n terms of a sequence is represented by

n
Ya,=a ta,tayta,+- - +ta
=1

n

where i is called the index of summation, 7 is the upper limit of summation,
and 1 is the lower limit of summation.

Sfadg 71',0 ‘ I Example 7 Summation Notation for a Sum

Summation notation is an Find each sum.
instruction to add the terms of 5 6 5
a sequence. From the definition a. > 3i b. > (1 + k) ey o
at the right, the upper limit of i=1 k=3 =t
summation tells you where .
to end the sum. Summation So“itmn
notation hel.ps you generate a. 231‘ =3(1) + 3(2) + 3(3) + 3(4) + 3(5)
the appropriate terms of the =
sequence prior to finding the =31 +2+3+4+5)
actual sum, which may be
unclear. =3(15)

=45

b. i(l+k2)=(1+32)+(1+42)+(1+52)+(1+62)

=10+ 17 + 26 + 37
=90

81 1 1 1 1 1 1 1 1 1
€Y=t
~pit o 12t 3t 40 50 6! 71 8!

1 1 1 1 1 1 1
=l+l+-+-+—+—+——F—+—
2 6 24 120 720 5040 40,320

~ 2.71828

For this summation, note that the sum is very close to the irrational number
e =~ 2.718281828. It can be shown that as more terms of the sequence whose nth
term is 1/n! are added, the sum becomes closer and closer to e.

[@xE@Psint - Now try Exercise 85. 1
In Example 7, note that the lower limit of a summation does not have to be 1. Also

note that the index of summation does not have to be the letter i. For instance, in
part (b), the letter k is the index of summation.



Study lip ‘

Variations in the upper and
lower limits of summation can
produce quite different-looking
summation notations for the
same sum. For example, the
following two sums have the
same terms.

w

3(2) =3(2' + 22+ 29)

i=1

[N

i

3(21F1) = 3(2! + 22 + 29)
0

Section 9.1 Sequences and Series 645

Properties of Sums

n n n
L. Yc=cn, cisaconstant. 2. Yca,=cYa, cisaconstant.
i=1 i=1 i=1

3. i(ai+bi)= iai+ ibi 4. i(ai*bi)= iai* ibi
=1 =1 =1 =1 f =1

i

For proofs of these properties, see Proofs in Mathematics on page 720.

Series

Many applications involve the sum of the terms of a finite or infinite sequence. Such a
sum is called a series.

Definition of Series

Consider the infinite sequence a,, a,, a5, . . ., a;, . . ..

1. The sum of the first n terms of the sequence is called a finite series or the nth
partial sum of the sequence and is denoted by

a1+a2+a3+~~-+an=2a[.
=1

2. The sum of all the terms of the infinite sequence is called an infinite series
and is denoted by

o0
atatagt---+a+-=Xa,.

I Example 8  Finding the Sum of a Series
For the series 2 %01 find (a) the third partial sum and (b) the sum.
i=1

Solution

a. The third partial sum is

53 _3 .3 3
- = + + =03+ 0.03 + 0. = 0. .
> 15 =100t 1o T 1gr = 03 + 0.03 + 0.003 = 0.333

b. The sum of the series is

& 3 3,3 3 .3
210

3
=+ S+ +—+=+
10" 102 10°  10*  10°

= 0.3 + 0.03 + 0.003 + 0.0003 + 0.00003 + - - -

1
=0.33333. . . = 3

[EilEdPoint -+ Now try Exercise 113. 1
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Applications

Sequences have many applications in business and science. Two such applications are
illustrated in Examples 9 and 10.

I Example9  Compound Interest
A deposit of $5000 is made in an account that earns 3% interest compounded quarterly.
The balance in the account after n quarters is given by

An=5000<1+¥), n=20,12,....

a. Write the first three terms of the sequence.

b. Find the balance in the account after 10 years by computing the 40th term of the
sequence.

Solution

a. The first three terms of the sequence are as follows.

0
Ay = 5000(1 + %) = $5000.00 Original deposit
0.03\! .
A, =5000{1 + e = $5037.50 First-quarter balance
0.03)2
A2 = 5000( 1 + T = $5075.28 Second-quarter balance

b. The 40th term of the sequence is
0.03\40
A40 = 5000{ 1 + T = $6741.74. Ten-year balance

[EiEdPoint -~ Now try Exercise 121.

I Example 10 Population of the United States

For the years 1980 through 2007, the resident population of the United States can be
approximated by the model

a, =226.6 +233n + 001922, n=0,1,...,27

where a, is the population (in millions) and n represents the year, with n =0
corresponding to 1980. Find the last five terms of this finite sequence, which represent
the U.S. population for the years 2003 through 2007. (Source: U.S. Census Bureau)

Solution
The last five terms of this finite sequence are as follows.

a,; = 226.6 + 2.33(23) + 0.019(23) = 290.2 2003 population
ayy = 226.6 + 2.33(24) + 0.019(24)* ~ 293.5 2004 population
ays = 226.6 + 2.33(25) + 0.019(25)* ~ 296.7 2005 population
ays = 226.6 + 2.33(26) + 0.019(26)% =~ 300.0 2006 population
ay, = 226.6 + 2.33(27) + 0.019(27)* =~ 303.4 2007 population

[@i[ZdPoint -~ Now try Exercise 125. 1



