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10.8 GRAPHS OF POLAR EQUATIONS

What you should learn
• Graph polar equations by point

plotting.
• Use symmetry to sketch graphs 

of polar equations.
• Use zeros and maximum r-values 

to sketch graphs of polar equations.
• Recognize special polar graphs.

Why you should learn it
Equations of several common figures
are simpler in polar form than in 
rectangular form. For instance,
Exercise 12 on page 789 shows the
graph of a circle and its polar equation.

Introduction
In previous chapters, you learned how to sketch graphs on rectangular coordinate
systems. You began with the basic point-plotting method. Then you used sketching aids
such as symmetry, intercepts, asymptotes, periods, and shifts to further investigate the
natures of graphs. This section approaches curve sketching on the polar coordinate 
system similarly, beginning with a demonstration of point plotting.

Graphing a Polar Equation by Point Plotting

Sketch the graph of the polar equation 

Solution
The sine function is periodic, so you can get a full range of -values by considering 
values of in the interval as shown in the following table.

If you plot these points as shown in Figure 10.71, it appears that the graph is a circle of
radius 2 whose center is at the point 

FIGURE 10.71

Now try Exercise 27.

You can confirm the graph in Figure 10.71 by converting the polar equation to 
rectangular form and then sketching the graph of the rectangular equation. You can also
use a graphing utility set to polar mode and graph the polar equation or set the graphing
utility to parametric mode and graph a parametric representation.
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Symmetry 
In Figure 10.71 on the preceding page, note that as increases from 0 to the graph
is traced out twice. Moreover, note that the graph is symmetric with respect to the line

Had you known about this symmetry and retracing ahead of time, you could
have used fewer points.

Symmetry with respect to the line is one of three important types of 
symmetry to consider in polar curve sketching. (See Figure 10.72.)

Using Symmetry to Sketch a Polar Graph

Use symmetry to sketch the graph of 

Solution
Replacing by produces 

So, you can conclude that the curve is symmetric with respect to the polar axis. Plotting
the points in the table and using polar axis symmetry, you obtain the graph shown in
Figure 10.73. This graph is called a limaçon.

Now try Exercise 33.
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Tests for Symmetry in Polar Coordinates
The graph of a polar equation is symmetric with respect to the following if the
given substitution yields an equivalent equation.

1. The line Replace by or 

2. The polar axis: Replace by or 

3. The pole: Replace by or !%r, #".!r, $ & #"!r, #"

!%r, $ % #".!r, %#"!r, #"
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FIGURE 10.73

Note in Example 2 that
This is

because the cosine function is
even. Recall from Section 4.2
that the cosine function is even
and the sine function is odd.
That is, sin!%#" ! %sin #.

cos!%#" ! cos #.
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The three tests for symmetry in polar coordinates listed on page 784 are sufficient
to guarantee symmetry, but they are not necessary. For instance, Figure 10.74 shows the
graph of to be symmetric with respect to the line and yet the tests
on page 784 fail to indicate symmetry because neither of the following replacements
yields an equivalent equation.

Original Equation Replacement New Equation

by

by

The equations discussed in Examples 1 and 2 are of the form

and

The graph of the first equation is symmetric with respect to the line and the
graph of the second equation is symmetric with respect to the polar axis. This observation
can be generalized to yield the following tests.

Zeros and Maximum r-Values
Two additional aids to graphing of polar equations involve knowing the -values for
which is maximum and knowing the -values for which For instance, in
Example 1, the maximum value of for is and this occurs when

as shown in Figure 10.71. Moreover, when 

Sketching a Polar Graph

Sketch the graph of 

Solution
From the equation you can obtain the following.

Symmetry: With respect to the polar axis

Maximum value of : when

Zero of : when

The table shows several -values in the interval By plotting the corresponding
points, you can sketch the graph shown in Figure 10.75.

Note how the negative -values determine the inner loop of the graph in Figure 10.75.
This graph, like the one in Figure 10.73, is a limaçon.

Now try Exercise 35.
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Quick Tests for Symmetry in Polar Coordinates
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Some curves reach their zeros and maximum -values at more than one point, as
shown in Example 4.

Sketching a Polar Graph

Sketch the graph of 

Solution
Symmetry: With respect to the polar axis

Maximum value of : when or 

Zeros of : when or 

By plotting these points and using the specified symmetry, zeros, and maximum values,
you can obtain the graph shown in Figure 10.76. This graph is called a rose curve, and
each of the loops on the graph is called a petal of the rose curve. Note how the entire
curve is generated as increases from 0 to 

FIGURE 10.76

Now try Exercise 39.
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TECHNOLOGY

Use a graphing utility in polar mode
to verify the graph of 
shown in Figure 10.76.
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Special Polar Graphs
Several important types of graphs have equations that are simpler in polar form than in
rectangular form. For example, the circle

in Example 1 has the more complicated rectangular equation

Several other types of graphs that have simple polar equations are shown below.
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Sketching a Rose Curve

Sketch the graph of 

Solution
Type of curve: Rose curve with petals

Symmetry: With respect to polar axis, the line and the pole

Maximum value of : when

Zeros of r: when

Using this information together with the additional points shown in the following table,
you obtain the graph shown in Figure 10.77.

Now try Exercise 41.

Sketching a Lemniscate

Sketch the graph of 

Solution
Type of curve: Lemniscate

Symmetry: With respect to the pole

Maximum value of : when

Zeros of : when

If this equation has no solution points. So, you restrict the values of to
those for which 

or

Moreover, using symmetry, you need to consider only the first of these two intervals.
By finding a few additional points (see table below), you can obtain the graph shown in
Figure 10.78.

Now try Exercise 47.
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