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PARAMETRIC EQUATIONS

What you should learn

Evaluate sets of parametric
equations for given values of the
parameter.

Sketch curves that are represented
by sets of parametric equations.
Rewrite sets of parametric equations
as single rectangular equations by
eliminating the parameter.

Find sets of parametric equations
for graphs.

Why you should learn it

Parametric equations are useful for
modeling the path of an object. For
instance, in Exercise 63 on page 775,
you will use a set of parametric
equations to model the path of a
baseball.

Plane Curves

Up to this point you have been representing a graph by a single equation involving the
two variables x and y. In this section, you will study situations in which it is useful to
introduce a third variable to represent a curve in the plane.

To see the usefulness of this procedure, consider the path followed by an object that
is propelled into the air at an angle of 45°. If the initial velocity of the object is 48 feet
per second, it can be shown that the object follows the parabolic path

X2

y= _E +x Rectangular equation
as shown in Figure 10.52. However, this equation does not tell the whole story.
Although it does tell you where the object has been, it does not tell you when the object
was at a given point (x, y) on the path. To determine this time, you can introduce a third
variable ¢, called a parameter. It is possible to write both x and y as functions of 7 to
obtain the parametric equations

x =242t Parametric equation for x
y=—- 1612 + 24\/51?. Parametric equation for y

From this set of equations you can determine that at time r = 0, the object is at the point
(0,0). Similarly, at time 7 = 1, the object is at the point (24./2, 24./2 — 16), and so
on, as shown in Figure 10.52.

Rectangular equation:

2
—_ X
y= 72+x

Parametric equations:
x= 242t
y= —1612+24+/21

Curvilinear Motion: Two Variables for Position, One Variable for Time
FIGURE 10.52

For this particular motion problem, x and y are continuous functions of #, and the
resulting path is a plane curve. (Recall that a continuous function is one whose graph
can be traced without lifting the pencil from the paper.)

Definition of Plane Curve

If fand g are continuous functions of 7 on an interval /, the set of ordered pairs
(f(), g(2)) is a plane curve C. The equations

x=f and y=gQ)

are parametric equations for C, and 7 is the parameter.
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AWARNING /CAUTION

When using a value of 7 to find
X, be sure to use the same value
of 7 to find the corresponding
value of y. Organizing your
results in a table, as shown in
Example 1, can be helpful.

FIGURE 10.54

Sketching a Plane Curve

When sketching a curve represented by a pair of parametric equations, you still plot
points in the xy-plane. Each set of coordinates (x, y) is determined from a value chosen
for the parameter . Plotting the resulting points in the order of increasing values of ¢
traces the curve in a specific direction. This is called the orientation of the curve.

I Example 1T  Sketching a Curve
Sketch the curve given by the parametric equations
x=r—4 and == -2 <1t<3.

_)7*2,

Solution

Using values of ¢ in the specified interval, the parametric equations yield the points
(x, y) shown in the table.

t X y
) 0 ~1
|
-1 -3
0 4 0
! -3 1
2

2 0 1
3 5 3
2

By plotting these points in the order of increasing ¢, you obtain the curve C shown in
Figure 10.53. Note that the arrows on the curve indicate its orientation as ¢ increases
from —2 to 3. So, if a particle were moving on this curve, it would start at (0, —1)
and then move along the curve to the point (5, %)

[@EdPoint - Now try Exercises 5(a) and (b). 1

Note that the graph shown in Figure 10.53 does not define y as a function of x. This
points out one benefit of parametric equations—they can be used to represent graphs
that are more general than graphs of functions.

It often happens that two different sets of parametric equations have the same
graph. For example, the set of parametric equations

[\SREON}

x =42 — 4 and y=1, -1 <st<

has the same graph as the set given in Example 1. However, by comparing the values
of ¢ in Figures 10.53 and 10.54, you can see that this second graph is traced out more
rapidly (considering ¢ as time) than the first graph. So, in applications, different
parametric representations can be used to represent various speeds at which objects
travel along a given path.



Parametric equations:

x=

1 t

Vi+l YT

FIGURE 10.55
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Eliminating the Parameter

Example 1 uses simple point plotting to sketch the curve. This tedious process can
sometimes be simplified by finding a rectangular equation (in x and y) that has the same
graph. This process is called eliminating the parameter.

Parametric Solve for Substitute sl
. > ti in othy .
equations tone mmp o o = equation
equation. equation.
x=1r—4 t=2y x=(2y)?>—4 x=4y? -4
_t
)

Now you can recognize that the equation x = 4y> — 4 represents a parabola with a
horizontal axis and vertex at (—4, 0).

When converting equations from parametric to rectangular form, you may need to
alter the domain of the rectangular equation so that its graph matches the graph of the
parametric equations. Such a situation is demonstrated in Example 2.

I Example 2 Eliminating the Parameter

Sketch the curve represented by the equations
! and L
x = =
N/ YT

by eliminating the parameter and adjusting the domain of the resulting rectangular
equation.

Solution

Solving for ¢ in the equation for x produces

x = ! |:>x2: !

NAE t+ 1

which implies that

1=
- 2

X
Now, substituting in the equation for y, you obtain the rectangular equation

(1 —x? 1 —x?
2 2

1 X X

y = = — =—= -
t+1 [(1 2,\ )]+1 1 2x 1 X
x X

From this rectangular equation, you can recognize that the curve is a parabola that
opens downward and has its vertex at (0, 1). Also, this rectangular equation is defined
for all values of x, but from the parametric equation for x you can see that the curve is
defined only when ¢t > — 1. This implies that you should restrict the domain of x to
positive values, as shown in Figure 10.55.

[4i[Z8Point ~ Now try Exercise 5(c). 1



772 Chapter 10 Topics in Analytic Geometry

Study lip ‘

To eliminate the parameter in
equations involving trigonometric
functions, try using identities
such as

sin? 6 + cos? § = 1
or
sec2 @ — tan> 6 = 1

as shown in Example 3.

FIGURE 10.56

It is not necessary for the parameter in a set of parametric equations to represent
time. The next example uses an angle as the parameter.

I Example 3  Eliminating an Angle Parameter

Sketch the curve represented by

x =3cos 6 and y=4sinh, 0=<6<2w
by eliminating the parameter.
Solution

Begin by solving for cos 6 and sin 6 in the equations.

X .
cos == and sin 6 = 2 Solve for cos 6 and sin 6.

3 4

Use the identity sin? § + cos? 6§ = 1 to form an equation involving only x and y.

cos? 6 + sin?> 6 = 1 Pythagorean identity
-\ 2 2
X y x y
- + (= — A 208 0 ¢ B sin 6.
<3) <4> 1 Substitute 3 for cos 6 and 1 for sin 6.
2 2
X Y
—+—=1 Rectangular equation
9 16 s

From this rectangular equation, you can see that the graph is an ellipse centered at
(0, 0), with vertices (0, 4) and (0, —4) and minor axis of length 2b = 6, as shown in
Figure 10.56. Note that the elliptic curve is traced out counterclockwise as 6 varies from
0 to 2.

[EiE@Point - Now try Exercise 17. 1

In Examples 2 and 3, it is important to realize that eliminating the parameter is
primarily an aid to curve sketching. If the parametric equations represent the path of
a moving object, the graph alone is not sufficient to describe the object’s motion. You
still need the parametric equations to tell you the position, direction, and speed at a
given time.

Finding Parametric Equations for a Graph

You have been studying techniques for sketching the graph represented by a set of
parametric equations. Now consider the reverse problem—that is, how can you find a
set of parametric equations for a given graph or a given physical description? From the
discussion following Example 1, you know that such a representation is not unique.
That is, the equations

x =412 — 4 and y=l,*15t§%
produced the same graph as the equations
) _!
x=1r—4 and y—5,725zs3

This is further demonstrated in Example 4.
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I Example 4  Finding Parametric Equations for a Graph

Find a set of parametric equations to represent the graph of y = 1 — x2, using the
following parameters.

a.t=x b.t=1—-x

Solution

a. Letting r = x, you obtain the parametric equations
x=1 and y=1—=-x2=1—-1%

b. Letting t = 1 — x, you obtain the parametric equations

FIGURE 10.57 x=1-¢t and y=1-x*=1-(1—-1%=2—1%

In Figure 10.57, note how the resulting curve is oriented by the increasing
values of . For part (a), the curve would have the opposite orientation.

(i[5 Point - Now try Exercise 45.

I Example 5  Parametric Equations for a Cycloid

Describe the cycloid traced out by a point P on the circumference of a circle of radius a
as the circle rolls along a straight line in a plane.

Solution

As the parameter, let 6 be the measure of the circle’s rotation, and let the point
P = (x, y) begin at the origin. When 6 = 0, P is at the origin; when 6§ = , P is at a
maximum point (7a, 2a); and when § = 24, P is back on the x-axis at (27ra, 0). From
Figure 10.58, you can see that ZAPC = 180° — 6. So, you have

. . 5 . AC BD
sin 6 = sin(180° — 6) = sin(LAPC) = — = —
a

a
AP
cos § = —cos(180° — ) = —cos(LAPC) = ——
PR N :
. which implies that BD = a sin §and AP = —a cos 6. Because the circle rolls along the
In Example 5, PD represents x-axis, you know that OD = PD = a#. Furthermore, because BA = DC = a, you have
the arc of the circle between
points P and D. x=O0D — BD = af) — asin 0 and y=BA + AP =a — acos 0.
So, the parametric equations are x = a(6 — sin ) and y = a(l — cos 0).
i Cycloid:
M x=a(6—sin 6), y =a(l —cos 6)
(3na, 2a)
. TECHNOLOGY:

You can use a éfaphing utility
in parametric mode to obtain a
graph similar to Figure 10.58 by

graphing the following equations.
Xy =T—sinT

FIGURE 10.58

Yir=1—cosT
[@i[ZePoint - Now try Exercise 67. 1



